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Introduction:

In 1959 R. Vaught conjectured (see [1]) that a first order theory in a countable language has either
continuum or at most countably many countable models. Sixty years later we still do not know whether
this is true.

In this paper we show that for finite languages it is enough to prove Vaught’s Conjecture (VC) for
modeloids, certain equivalence relations:

e If Vaught’s Conjecture is true for theories of modeloids then it is true in general for first order
theories in a finite language.

The conjecture relates elementary equivalence of modeloids to their isomorphism classes. The results of
the paper along these lines are:

e An algebraic representation of elementary equivalence of modeloids, E1 = E; . The
representation is in terms of bases in a compact topological space..

e The bases form a dense G s set.

e Any theory of modeloids has either continuum or at most countably many bases.

e An algebraic condition implying at most countably many modeloids.

e Isomorphism classes of modeloids are described in terms of orbits of the topological space and
automorphisms of the algebraic representation of elementary equivalence.

e Ina nutshell, the results of this paper regarding the number of isomorphism types of a complete
finitary theory of modeloids are:

#iso types #automorphisms
#bases <w Jw
<w <w <w

2° (2%) ?

That there countably many or continuum automorphisms of a countable structure is a theorem due to
Kueker. The entry (2*) indicates that additional assumption is needed.



The structure of the paper:

The first section of the paper gives just the definitions and statements of theorems and propositions.
The proofs are given in the next section. If interested in a proof follow the link and return. (I think this
draft is self-contained if you take the references for granted; | can send a .pdf of some of them).

Notation:

Modeloids are defined in [2] as equivalence relations between finite non-repeating words from a set A.
We will be dealing with countably infinite sets so we take A as N, the set of natural numbers and use N”
for these words (“ resembles 1'?); the original paper used “N-hat” for this set.

A word w in N” is a one-to-one function from {1, ..., k} to N or the empty word; L(N”) is the set of these
words. We sometimes write this as <w(i) | i < k>. An initial segment of w of length j < k is the word w([j]
=<w(i) | i<j>. If wis aword of length k and x € N does not appear in w then wx is the word of length
k+1 with wx(k+1) = x; if x appears in w then wx = w. The words w for which w(i) = i are identities,
denoted as id’s; for k € N, the identity on k is id.

N!is the set of all permutations of N and for k € N, k! is the set of all permutations of {1 ..., k}.
Permutations p € k! act on word w w of length k and the result is the word wp = <w(p(i)) | i< k>

Definition 1: Modeloids as a first order logic theory

The language has relations Ej, E, ..., Ey,..., where each Ey is a 2k-ary relation Ex(xy, ..., Xk, Y1, ..., Yk) and the
axioms of the theory of modeloids, ThM, are:

Ex(X1, ..., Xk, Y1, .., Yk) implies (xi # x;) and (yi # y;) forany i #j
Ex(X1, ..., Xk, Y1, ... , Yk) is @n equivalence relation between the tuples of variables x = (x3, ..., Xx)and
y =(y1, ..., yk). Thatis: E(x, x); E(x, y) implies E(y, x); and [E(x, y) and E(y, z) implies E(x, z)].

3. E(X1, e ) Xk Y1, oe 5 Vi) implies Ex(Xp(), - Xpk)r Yo(1), - » Yoik) for any k and any permutation p € k!
(these axioms are for individual k’s and p’s)

4. Ifk<nandEn(Xy, ..., Xn, Y1, ..., Yn) then Ex(X1, ..., Xk, Y1, -, V&)

These axioms are first order expressions of the definition of modeloids given in [2] on page 50. All
results of model theory apply to ThM. A model of ThM is a modeloid, essentially an equivalence relation
E on N”; we will use E to represent any of the Ei’s and and then Ey, E;, ... to denote different modeloids
(strictly speaking, it should be something like Ei 1, Ex 2, ...).

Definition: A finitary modeloid is one where each Ei has only finitely many equivalence classes. This can
be expressed in first order for individual k’s.

Theorem 1: If Vaught’s Conjecture is true for theories of finitary modeloids then it is true for all first
order theories in finite languages.

Definition 2: (outlines of modeloids): (see Definition 3.1 and Propositions 3.2 and 3.4 of [2])



For any equivalence relation E on N” it is natural to consider the set of its equivalence classes, N”/E. For
a modeloid E on N”, N”/E has the following properties:

1. The partial order < on N”/E defined below is a tree:
v/E < w/E iff length(v) < length(w) and [vE(an initial segment of w)].
2. The action of p € k! on L(N”/E) defined by (w/E)p = (wp/E) is well defined.
3. If permutations p and g in n! agree up to k < n then (wp)[k]/E = (wq)[k]/E.
4. Foranyu,vinN”thereisawinN”and a permutation p such that u/E < w/E and v/E < (wp)/E.

(In (4) we could take w as the word u followed by v (removing repetitions) and permute w so that its
initial segment is v).

The tree T(E) = N”/E (with < and actions) is called the outline of E.
Definition 3 (Outline in general): A general outline is a fist order structure (T, <, ..., p, ...) where p’s are
symbols for permutations from k! fork e N

It satisfies the following conditions corresponding to the above:

1. Ageneral outline is a tree (T, <), very much like (N”/E, <) above, in which each t € T has finitely
many predecessors. Level k of the tree, L«(T), consists of nodes of the tree with k + 1
predecessors (counting the empty word). When j < k and t € Li(T) then t[j] is the unique
predecessor of tin Li(T).

2. The outline also has permutations from k! acting on L(T): the result of an actionby pe k! onte
L«(T) is in Ly(T) and is denoted by tp.

We require the standard properties of actions of the groups k! on L(T) plus the properties
corresponding to the properties of N”/E (3) and (4) above:

3. For t € Ly(T), if permutations p and q in n! agree up to k < n then (tp)[k] = (tq)[k].

4.Foranyr,sinT,thereisateTanda permutation p such that r<tands < tp.

Definition 4 (branches): A branch b of an outline T is a maximal linearly ordered set of T. (In symbols, b =
{breT| bke L(T) & k € N} and by < b1 )

Definition 5 (bases of an outline): A basis of an outline T is a branch b of T such that
T={teT|t<bypforsomekandpek!}.

Speaking informally, actions on b cover T. In the specific case of N”/E, the branch b = {id«/E | ke N }is a
basis of N”/E.

Theorem 2: Outlines with finite levels have bases.

Follows from Konig’s Lemma and Property (4) of outlines.



Definition 6: ( modeloid of a basis)
Given a basis b = {bi | k € N} of T we define its modeloid E(b) on N” from the map E:N” ->T:

For win Li(N”) E(w) = (bmp)[k] ,where p € m! is such that p(i) = w(i) for i . < k. The equivalence relation is
then defined as

vEw iff E(v) = E(w).
All that precedes is well defined. This modeloid is referred to as E(b)
Theorem 3: Given an outline T and its basis b, the outline of the modeloid E(b) is isomorphicto T.

Definition 7: (the last level of the outline) The set of all branches of an outline T is called the last level of
T, denoted as NT. It has a natural topology with permutations of N! acting on NT (see Construction 3.9 of

(2]).
Proposition 3.17 of [2] states that the last level is compact iff all levels of the outline are finite.

Theorem 4 The set of bases of an outline T is a dense Gs subset of NT. Action by p from N! on a basis is a
basis.
The key operation on modeloids is the derivative:
Definition 8: The derivative of modeloid E is the relation E’ on N”defined as follows:
vE'w iff vVEw & [(3<x)(cy)[VXEwy] & (3<y)(cX)[vXEwy]]

It is easy to check that if E is a modeloid then so is E’, a sub-modeloid of E (see propositions 2.2 and 2.3
of [2]). The derivative is inspired by Ehrenfeucht-Fraisse games (see [3]).

In terms of outlines we have
vE'w iff {vx/E | x e N} ={wy/E | y e N}.
The derivative can be iterated; for limit ordinals we take the intersection of the previous derivatives.

This process ends at a countable ordinal B with a modeloid EP which is its own derivative. We call the
first such B the complexity of the modeloid. :

Definition 8: A modeloid E is basic if E’ = E.
A basic modeloid E is, essentially, a closed subgroup H of N! (see Proposition 5.9 of [2]):
vEw iff for some h € H, wvlis included in h. (somewhat familiar expression)

??? Theorem 4: Any complete first-order theory Th (in a finite language) whose modeloid theory ThM is
basic, is w-categorical. (see ...)

Definition 9: The derivative of a modeloid E, E’, also has an outline and there is a natural projection nt of
T(E) onto T(E’)defined by m(w/E’) = w/E.

Generalizing this to abstract outlines:



Definition 10: A map it from an outline T’ onto an outline T is a valid projection of outlines if the
following conditions hold:

1t maps L(T’) onto Ly(T)

If s <t then r(s) < m(t)

Forte L(T’) and p € k! (tp) = m(t)p

Ifty, toare L(T’) and m({t € Lisa(T) | ta<t}=m({t € Lua(T) | t2 <t } thent; = t,.

P wnN e

Theorem 5: If b’ is a basis in T’ then rt(b’) is a basis in T and E(rt(b’))’ = E(b’). (That is the derivative of the
projection is the original modeloid of T’).

The step from T to T’ can be iterated similarly to the iteration of the derivative; that is
Definition 11: (T*):

TC=T & T & .. & T" & ... with projections m,.:T™ - T" satisfying the conditions of Definition 10. We
will write 1t for these projections.

For a modeloid E on N” we write T<“(E) for the sequence (N”/E) ¢ (N”/E’) & ...& (N”/E" )& ... with the
projections being w/E™! S>w/E". The reason for using T*“ is that T* should be used for the outline of E®
(the intersection of E" ‘s)

Theorem 6: For modeloids E; and E;,
E1= By iff T*(E1) = T*“(E,).
In words: E; is elementarily equivalent to E; iff T*“(E;) is isomorphic to T<“(E,).
In other words: a complete theory of modeloids corresponds to an outline T
This is the “algebraic” representation of = between modeloids | mentioned at the beginning.
Definitions 4, 5, and 6 can be extended to the “outline” T<*:

Definition 12: (branches): A branch b of an outline T is b = { bn| n € N and by, € L,(T")} such that b, <
n(bns1) where 1tis the projection from 7" onto T".

Note: In general, one could consider branches of T*“ as by » € Li(T") with appropriate constraints on the
relationships but the above simplifies the presentation.

Definition 13 (bases of an outline): A basis of an outline T? is a branch b of T<“ such that
TY={teT| t<m(bnp) forsomenandpen!}.
Note: If t € Li(T") with k > n then we need to use by and project byp onto T".

Definition 14: Given a basis b = {b, | n € N} of T** we define its modeloid E(b) on N” from the projection
of the basis b: {rt(bn) | n € N }. (see Definition 6).



All above is well-defined.

Theorem 7: Given a basis b for an outline T<“ the outline T**(E(b)) of the modeloid E(b) is isomorphic to
T,

Theorem 8: The isomorphism types of a modeloid theory ThM are the isomorphism types of modeloids
E(b) where b is a basis of T*“ .

This is a corollary of the previous theorems: If ThM is a complete theory of modeloids and T< its
corresponding outline (see Theorem 6) then any countable model E of ThM is isomorphic to E(b) for
some basis b of T

Theorem 9: The outline T has < w or 2* bases. (The same holds for any other outline).
Theorem 10: Given bases b; and b, of T*?, their modeloids
E(b1) and E(b,) are isomorphic iff for some automorphism A of T and some p € N!, b, = A(b; p).

In other words: two modeloids of ThM defined by their bases are isomorphic iff one basis is an
automorphic image of a basis from an orbit of the other basis.

Definition of sticks ...



Another representation of modeloids:

As stated in the original paper modeloids can also be defined as “sets of partial automorphisms”; page
49 of [2]. To describe the correspondence we define, for words v and w from N” of the same length,

wvl is the map which sends v(i) to w(i).
Then, given a modeloid as an equivalence relation E, define
Me = {(v->w) | vEw}
MEe is an inverse semigroup, as pointed out by Dana Scott, with some additional properties.
Given such inverse semigroup M we can then define, in turn, an equivalence relation Ey
vEmw iff the map wv? belongs to M. (akin to congruences in group theory).

Paper [3] analyzes modeloids in this setting in more details and generalizes it to categorical modeloids.

A typical example of a basic modeloid in terms of bijections is
My ={m | &"heH) [ misincludedinh]}. T
See Proposition 5.9 of [2].
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